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Abstract
Spaces which have a certain relative topological property in every larger space from a certain
class are investigated. It is proved that a regular (Tychonoff) space Y is normal in every larger
regular (Tychonoff) space if and only if Y is Lindelo¨f or normal almost compact. A functionally
Hausdorff space Y is regular in every larger functionally Hausdorff space if and only if Y is
compact. A Hausdorff (regular, Tychonoff) space Y is relatively (a) in every larger Hausdorff
(regular, Tychonoff) X if and only if Y is compact. Ó 1999 Elsevier Science B.V. All rights
reserved.
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1. Introduction
For a given property P of topological spaces, a relative version of P is some property
of a pair (Y,X ⊃ Y ) which is “naturally” related to P and generalizes P in the sense
that Y is relatively P in itself if and only if Y has property P . An absolute property
may have several reasonable relative versions. The first systematic exposition and basic
facts about relative properties were given by A.V. Arhangel’skii and H.M.M. Gennedi in
[2]. For a survey and problems on relative topological properties and relative topological
spaces see [1].
∗ Corresponding author. E-mail: op863490@oak.cats.ohiou.edu.
0166-8641/99/$ – see front matter Ó 1999 Elsevier Science B.V. All rights reserved.
PII: S0166-8641(97)0 02 65 -4
122 M.V. Matveev et al. / Topology and its Applications 93 (1999) 121–129
General Problem 1.1. Given a topological property P and class of spaces C, character-
ize topological spaces Y which are relatively P in every larger space from C.
It is natural to restrict this problem to the case when Y ∈ C, this means that Y
satisfies P . The most important case of General Problem 1.1 is when C is a hereditary
class (for example, the class T2, T3 or T3 12 ); this problem was raised in [1]. Thus, starting
with the absolute property P and the class C, via a relative version of P , we come
to the new absolute property “to be relatively P in every larger space from C”. We
study several particular cases of General Problem 1.1, when P is normality, regularity,
or property (a), and C is the class T2, T3, or T3 12 . Some optional additional restrictions
on P and on the type of embedding are applied. Whatever properties and restrictions
considered, almost all new absolute properties appeared to be very close to compactness,
or are just compactness itself. All considered spaces are T1, the notation and terminology
is as in [7].
2. On relatively normal spaces 1
Definition 2.1. A subspace Y of X is called relatively (strongly) normal in X (see [2]
or [1]) if whenever A and B are disjoint closed subsets of X (Y ) there are disjoint open
subsets U and V of X such that A ∩ Y ⊆ U and B ∩ Y ⊆ V .
I.Ju. Gordienko [9] showed that if a regular (Tychonoff) space Y is normal in any
larger regular (Tychonoff) space X , then ext(Y ) = ℵ0. We prove here that such Y is
Lindelo¨f or it is normal almost compact. (Y is almost compact if it is Tychonoff and
|βX \X | 6 1. It was noted in [8], that Y is normal and almost compact if and only if it is
regular and whenever A and B are disjoint closed subsets of Y , then at least one of A or
B is compact.) This is actually a criterion since every Lindelo¨f space is strongly normal
[3] in every larger regular space, and every normal almost compact space is strongly
normal in every larger regular space [7, Chapter 3.1]. This criterion solves Problems 49
and 50 of A.V. Arhangel’skii [1].
Lemma 2.2. If disjoint regular (Tychonoff) spaces A and B are contained in disjoint
open sets in every larger regular (Tychonoff) space X in which A and B are closed,
then one of A or B is compact or both are Lindelo¨f.
Proof. We will prove first that for any cardinal τ , either l(A) 6 τ or B is τ -bounded (i.e.,
any subset of B of cardinality 6 τ has compact closure in B). Assume the contrary. Then
l(A) > τ and some family U = {Uα: α < β} of open subsets of the Wallman extension
ωA of A has no subfamily of cardinality 6 τ which covers A. The set A˜ = ωA\⋃U is
a closed subset of ωA, so subspace A′ = A∪ A˜ is regular (Tychonoff) in every point of
A. Therefore the quotient space A′′ = A′\A˜ [7, Chapter 2.4] is Hausdorff and is regular
1 Some results of this section (in Tychonoff case only) were also proved by A. Bella and I.V. Yaschenko.
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(Tychonoff) in each point ofA. Let a be the only point ofA′′\A, then from the assumption
l(A) > τ and the definition of A′′, it follows that ψ(a,A′′) > τ . From the assumption,
some subset B′ of B of cardinality 6 τ has noncompact closure in B. Let b ∈ B′ωB\B′
and let B′′ = B ∪ {b}, then space B′′ is Hausdorff [12] and it is regular (Tychonoff)
at each point of B. Let C = A′′ × B′′\{(a, b)}, A1 = A × {b}, B1 = {a} × B, and
C′ = C|A1∪B1 (C′ has the same open sets as C plus all points of C\(A1 ∪ B1) are
isolated (see [7, Chapter 5.1])). The sets A1 and B1 are closed in C′ and homeomorphic
to A and B, respectively. The space C′ is Tychonoff at each (isolated) point of the set
A×B = C\(A1 ∪B1); it is regular (Tychonoff) at each point of A1 since A is regular
(Tychonoff) and A′′ is Hausdorff. C′ is regular (Tychonoff) at each point of B, since B
is regular (Tychonoff) and B′′ is Hausdorff. Therefore, C′ is regular (Tychonoff). Let
V be a neighborhood of B1 in C′, then for some point a′ ∈ A, {a′} × B′ ⊆ V (since
ψ(a,A′′) > τ and |B′| 6 τ ), therefore, (a′, b) ∈ A1 ∩ V , a contradiction.
Now assume that
(a) A is not Lindelo¨f.
(b) B is not compact.
From the assumption (a) and the first part of this lemma, it follows that B is ω-bounded.
From the assumption (b), B is not Lindelo¨f, so from the first part A is ω-bounded also.
Let µ be the smallest cardinal such that the space A is τ -bounded for all τ < µ and A
is not µ-bounded. Then µ > ω1 from the first part and l(B) 6 µ. From the assumption
(b), B is not µ-bounded, therefore l(A) 6 µ. Actually, l(A) = µ from the assumption
(a) and the definition of µ, therefore, B is τ -bounded for any τ < µ from the first part.
From the definition of µ and the fact that l(A) = µ it follows that µ is a regular cardinal.
From the assumptions and a characterization of compactness, it follows that there exists
subsets P ⊆ A and Q ⊆ B of cardinality µ such that P does not have a complete
accumulation point in A and Q does not have a complete accumulation point in B.
Therefore both P and Q are locally compact and in particular, Tychonoff. So they can be
embedded as disjoint closed sets into a pierced Tychonoff cube T = Iν\∏{0α: α < ν}
for some cardinal ν. Let P1 = f(P ) and Q1 = g(Q) be such embeddings, and U and W
be disjoint neighborhoods of P1 and Q1 in T . We can assume that both U and W are
regular open sets, then both U and W depend on some countable subset S of the index
set ν. For any s ∈ S and r > 0 the set {x ∈ f(P ) ∪ g(Q): xs > r} has cardinality
less than µ since sets f(P ) and g(Q) have no complete accumulation points in T . Since
µ is an uncountable regular cardinal and |P |, |Q| > µ there exists points p ∈ f(P ) and
q ∈ g(Q) such that p|S = q|S =
∏{0s: s ∈ S}. Then U ∩W ⊇ pi−1S (p|S) 6= ∅. The
natural mapping
Ψ :A⊕B ⊕ T → (A⊕B) ∪f⊕g T = X
(see [7, Chapter 2.4]) into the adjunctive space X is perfect so X is regular (Tychonoff).
The images Ψ(A) and Ψ(B) are disjoint and closed in X and homeomorphic to A and
B, respectively. They have no disjoint neighborhoods since Ψ(A) ∩ Ψ(T ) = Ψ(P1) and
Ψ(B) ∩ Ψ(T ) = Ψ(Q1). 2
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Theorem 2.3. Let A and B be disjoint closed subsets of a regular (Tychonoff) space Y ,
then the following properties are equivalent:
(1) For any embedding of Y into a larger regular (Tychonoff) space X the sets A, B
have disjoint neighborhoods in X .
(2) For any embedding of Y into a larger regular (Tychonoff) space X such that
AX ∩BX = ∅ the sets A, B have disjoint neighborhoods in X .
(3) For any closed embedding of Y into a larger regular (Tychonoff) space X , the
sets A, B have disjoint neighborhoods in X .
(4) Either one of the sets A, B is compact or both of them are Lindelo¨f.
Proof. (1) ⇒ (2) ⇒ (3) Trivial.
(3) ⇒ (4) Follows from Lemma 2.2 since any embedding of the direct sum A ⊕ B
into a larger regular (Tychonoff) space X can be extended to an embedding f of Y into
the regular (Tychonoff) adjunctive space Y ∪f X which contains Y as a closed subset
[7, Chapter 2.4].
(4) ⇒ (1) Clear. 2
If space Y is relatively normal in itself in any version of relative normality, then Y
itself is normal.
Theorem 2.4. For any normal space Y , the following are equivalent:
(1) Y is strongly normal in any larger Tychonoff space.
(2) Y is normal in any larger Tychonoff space.
(3) For any closed embedding Y in a larger Tychonoff space, any disjoint closed
subsets A, B of Y have disjoint neighborhoods in X .
(4) Y is Lindelo¨f or normal almost compact.
Proof. (1) ⇒ (2) ⇒ (3) Follows from the corresponding implication in Theorem 2.3.
(3) ⇒ (4) Assume that |βY \Y | > 2 and let x, y ∈ βY \Y, x 6= y. Let U, V be
neighborhoods of x in βY and let W be a neighborhood of y in βY such that U ⊆ V
and V ∩W = ∅. The sets U, W are not compact, therefore, by Theorem 2.3, Y is
Lindelo¨f since Y = V ∪ (Y \U).
(4) ⇒ (1) Follows from the same implication of Theorem 2.3 and the mentioned
characterization of normal almost compact spaces. 2
Theorem 2.5. In Theorem 2.3(1)–(3) disjoint neighborhoods U and V of the sets A and
B have disjoint closures in a larger space if and only if at least one of the sets A, B is
compact.
Proof. Necessity. Assume the contrary, then since the sets A, B are Tychonoff by The-
orem 2.3, they can be embedded into some Tychonoff space X as closed subsets without
any disjoint closed neighborhoods. The adjunctive space Y ∪f X is regular (Tychonoff),
contains Y as closed subset and does not contain disjoint closed neighborhoods of A
and B.
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The reverse implication is clear. 2
Theorem 2.6. For any Tychonoff space Y the following are equivalent:
(1) Any disjoint closed subsets A, B of Y are functionally disjoint in any larger
Tychonoff space X .
(2) For any closed embedding of Y into a larger Tychonoff space X any disjoint
closed subsets A, B of Y have neighborhoods in X with disjoint closures in X .
(3) Y is normal almost compact.
Proof. (1) ⇒ (2) Trivial.
(2) ⇒ (3) Follows from Theorem 2.5.
(3) ⇒ (1) See [7, Chapter 3.1]. 2
Now we turn our attention to the problem of when a space is regular in every larger
space from a certain class.
3. On relatively regular spaces
Definition 3.1. A subspace Y of X is called relatively regular in X (see [2] or [1]) if
any point and a disjoint closed subset of Y have disjoint neighborhoods in X .
Lemma 3.2. Let all spaces from classes M and N satisfy the following properties:
(a) M∪N ⊂ T2.
(b) M is a hereditary and finally multiplicative class, and for any Y from M∩N
there exists a nondiscrete H ∈M such that Y ×H ∈ M∩N .
(c) If Y ∈ N , Y ⊂ X ∈ T2, and |X \ Y | = 1, then X ∈ N .
(d) If (X, τ) ∈M∩N , b ∈ X and Y = X \ {b} ∈ M∩N , then for every topology
τ ′ on X such that τ ′|Y = τ |Y (X, τ ′) ∈M∩N .
(e) If Y ∈ M∩N and φ is a quotient mapping from Y such that only one fiber is
nontrivial and this fiber consists of finitely many points then φ(Y ) ∈M∩N .
If a space Y from M ∩ N is regular in every larger space from M ∩ N when
embedded as a closed subset, then Y is closed in every larger space from M∩N .
Proof. Assume the contrary. Then by (b), (c) there are Y,Z ∈ M ∩ N such that
Y ⊆ Z, |Z \ Y | = 1, and Y Z = Z. Let a ∈ Y, b ∈ Z \ Y , let H ∈ M be a
nondiscrete space such that Y ×H ∈ M ∩ N , and let c be a nonisolated point of H .
Then Y × H ∪ {(b, c)} is in M∩N by (b) and (c). Let T = Y × H ∪ {(b, c)} with
the subbase {U ⊂ Y × H: U is open in Y × H} ∪ {(V × (H \ {c})) ∪ {(b, c)}:
V is an open neighborhood of b in Z}, then T ∈ M ∩ N by (d). Let X = q(T ) be a
quotient image of T with the only nontrivial fiber {(a, c)}∪{(b, c)}; then X ∈ M ∩ N
by (e), q(Z × {c}) is homeomorphic to Y neighborhoods of a and b in Z. Then
B = q((Z\U) × {c}) is closed in X and does not contain a′ = q((a, c)). From the
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construction it follows that the closure of any neighborhood of a′ in X intersects B, so
Y is not regular in X . 2
Theorem 3.3. Let M be the class of all Hausdorff (Urysohn, functionally Hausdorff)
spaces and suppose N is such thatM and N satisfy conditions of Lemma 3.2. Then the
following properties are equivalent:
(1) Y is regular in every larger space from M∩N .
(2) For every closed embedding of Y into X ∈ M∩N , Y is regular in X .
(3) Y is a compact Hausdorff space.
Proof. (1) ⇒ (2) Trivial.
(2) ⇒ (3) Let τY be the Katetov extension of Y and x ∈ τY \ Y , then Y ∪ {x} is
Urysohn [12] and is in N . So the theorem is proved ifM is the class of all Hausdorff or
Urysohn spaces since a regular space which is closed in every larger Urysohn space is
compact. If a regular functionally Hausdorff space Y is closed in every larger functionally
Hausdorff space, then for any b ∈ ωY \Y , there exists a unique point a ∈ Y such that
for any continuous function f on ωY , f(a) = f(b). Let Z = Y ∪ {b} and let c be
some nonisolated point of some functionally Hausdorff space H . If H ∈ N , then the
same construction as in Lemma 3.2 proves that Y is not regular in the larger functionally
Hausdorff space X ∈ N .
(3) ⇒ (1) See [7, Chapter 3.1]. 2
A.V. Arhangel’skii and J. Tartir [4] proved this theorem whenM is T2 or it is the class
of all Urysohn spaces and N is the class of all topological spaces. In our theorem, N
can be the class of all countably compact, absolutely countably compact, finally compact
spaces, or one of many other classes.
4. On relative property (a)
A space X has property (a) provided for every open cover U of X and every dense
subspace D ⊂ X there exists a closed (in X) and discrete subset F ⊂ D such that
St(F,U) = X [11], see also [13]. For countably compact spaces, closed and discrete
means finite, and the definition of property (a) transforms into the following: a space
X has property acc provided for every open cover U of X and every dense subspace
D ⊂ X there exists a finite subset F ⊂ D such that St(F,U) = X (acc is the abbreviation
for absolutely countably compact; this property is stronger than countable compactness
but weaker than compactness [10]). Now, following the general idea of relativization of
topological properties [1], it is natural to introduce the following definition:
Definition 4.1. A subspace Y ⊂ X is relatively (a) in X (relatively acc in X) provided
for every open cover U of X and every dense subspace D ⊂ X there is a closed (in X)
and discrete subset F ⊂ D (respectively, a finite subset F ⊂ D) such that St(F,U) ⊃ Y .
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Following the general idea of the paper, we consider the following problem concerning
relative property (a): which (regular, Tychonoff, etc.) spaces Y are relatively (a) in every
(regular, Tychonoff, etc.) space that contains Y as a subspace? Beyond the parallelism
with normality, this problem is motivated by the proof of Theorem 1 in [13] where the
property of being relatively (a) in every neighborhood (in a fixed larger space and with
respect to a fixed cover) was used (the sets having this property were called OK-sets).
Also, we consider similar problem for a-star-Lindelo¨f spaces. A space X is a-star-
Lindelo¨f [5] provided for every open cover U of X and every dense subspace D ⊂ X ,
there exists a countable subset F ⊂ D such that St(F,U) = X . Naturally, a subset Y ⊂ X
is relatively a-star-Lindelo¨f in X provided for every open cover U of X and every dense
subspace D ⊂ X there exists a countable subset F ⊂ D such that St(F,U) ⊃ Y .
Theorem 4.2. The following properties are equivalent for every Ti space Y (where
i ∈ {2, 3, 3 12}):
(1) Y is relatively (a) in every Ti space X ⊃ Y ,
(2) Y is relatively acc in every Ti space X ⊃ Y ,
(3) Y is compact.
Proof. (3) ⇒ (2) Let Y be compact, Y ⊃ X, U be an open cover of X and D a dense
subspace of X . Using compactness of X , select a finite subfamily U0 ⊂ U that covers
Y and consists of nonempty sets. For every U ∈ U0 choose a point xU ∈ U ∩D. Then
the set F = {xU : U ∈ U0} fits the definition.
(2) ⇒ (1) Trivial.
(1) ⇒ (3) First, we show that Y is countably compact. Assume otherwise. Let T
be a discrete space of the same cardinality as Y, t :Y → T be a bijection. We put
X = βT ×ω1∪Y and topologize X as follows: the subspace D = βT ×ω1 is open in X
and bears the topology of the Tychonoff product of βT , the ˇCech–Stone compactification
of T , and ω1 (with order topology); a basic neighborhood of a point x ∈ Y takes the
form
(U)α = U ∪
(
clβT
(
t(U)
)× (α, ω1)),
where U is a neighborhood of x in Y and α < ω1. It is easy to see that Y is a closed
subspace of X and that X is Ti whenever so is Y .
Since Y is not countably compact there is an infinite countable closed discrete subspace
Z ⊂ Y . Then it is easy to represent Z as the disjoint union Z = ⋃{Zn: n ∈ N} where
|Zn| = n for each n: Zn = {zn,k: k < n}. Since Y is Hausdorff, there are open
neighborhoods On,k of points zn,k such that
On,k ∩On,k′ = ∅ whenever k 6= k′. (†)
Also, we denote Oω = Y \ Z. Then {On,k: n ∈ ω, k < n} ∪ {Oω} is an open cover
of Y . Next, we put Vn,k = (On,k)0 and Vω = (Oω)0. Then U = {Vn,k: n ∈ ω, k <
n} ∪ {Vω} ∪ {D} is an open cover of X, D is a dense subspace of X . Note that for
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each n ∈ ω and k < n, Vn,k is the only element of U that contains point zn,k and that
the sets Vn,k have the property corresponding to (†):
Vn,k ∪ Vn,k′ = ∅ whenever k 6= k′. (‡)
Suppose F ⊂ D and St(F,U) ⊃ Y . Then by (‡) F is infinite (to cover each Zn, F must
contain at least n points) and by countable compactness of D (which is the product of a
compact space and a countably compact space) it is not closed and discrete in X .
Next, using countable compactness of Y , we prove that it is compact. (This part of
the proof is similar to the proofs from [10] and [14].) Suppose Y is not compact. Then
there is a cardinal κ and an open cover U of Y such that U does not contain a finite
subcover of Y, |U| = κ > ω and κ is the minimal cardinal for which such a cover exists.
Enumerate U = {Uα: α < κ}. For each α < κ denote Vα =
⋃{Uγ : γ 6 α}. Then
V = {Vα: α < κ} is an increasing open cover of Y without a subcover of cardinality
less than κ. Consider the dense subspace D = Y ×κ ⊂ Y × (κ+ 1) and the open cover
O = {D}∪{Vα×(α, κ+1]: α < κ} of Y ×(κ+1). We are going to show that Y ×{κ}
is not relatively (a) in Y × (κ+ 1). Let F be a closed (in Y × (κ+ 1)), discrete subspace
of D. Being the product of a countably compact space and a compact space, Y × (κ+ 1)
is countably compact, so F is finite. Let us enumerate F :
F =
{
(xi, αi): 1 6 i 6 m
}
.
Then there exists an ordinal α∗ > max{α1, . . . , αm} and a point x∗ ∈ Vα∗ \ Vα1 ∪
· · · ∪ Vαm . It is easy to see that (x∗, κ) /∈ St(F,O). So Y × {κ} is not relatively (a) in
Y × (κ + 1). This finishes the proof because Y × {κ} is a homeomorphic to Y subset
of Y × (κ+ 1). 2
In the next theorem, saying that a space is Lindelo¨f we do not assume regularity unless
it was assumed directly.
Theorem 4.3. The following properties are equivalent for every Ti space Y (where
i ∈ {2, 3, 3 12}):
(1) Y is relatively a-star-Lindelo¨f in every Ti space X ⊃ Y ,
(2) Y is Lindelo¨f.
Proof. (1) ⇒ (2) Let U be an open cover of Y without a countable subcover and let
κ = |U| be the smallest cardinal for which such a cover exists. Then Y × (κ + 1) is
not a-star-Lindelo¨f (the proof follows the last part of the proof of Theorem 4.2 almost
literally).
(2) ⇒ (1) Similar to (3) ⇒ (1) in Theorem 4.2. 2
Though Theorems 4.2 and 4.3 have final character they do not exhaust the subject
completely: other results can appear if one considers some restrictions on the pairs (Y,X).
Here are two examples of the results of this sort (proofs are trivial):
(1) If Y is locally compact and paracompact then Y is relatively (a) in every space
that contains Y as a dense subspace.
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(2) Every star-Lindelo¨f and countably tight space Y is relatively a-star-Lindelo¨f in
every space X ⊃ Y which also is countably tight. Recall that a space Y is star-
Lindelo¨f (see [6]) provided for every open cover U of Y there exists a countable
subset F ⊂ Y such that St(F,U) = Y .
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